Chapterl0 Gibbs Free Energy-Composition
Curves and Binary Phase Diagrams

810-1. Introduction

§10-2. Gibbs Free Energy Curve, D G"(X,)

§10-3. DG"(X,) of aRegular Solution

810-4. Criteria For Phase Stability in Regular Solutions

810-5. Standard States and Two-Phase Equilibrium

810-6. Binary Phase Diagrams with Liquid and Solid Exhibiting
Regular Solution.

810-7. Eutectic Phase Diagrams and Monotectic Phase Diagram



810-1. Introduction
1. Atcongant T, P
(1) Stable (equilibrium) state U G =G,
(2) When phases coexist, ( a R ?...)

G %=G =G ’=.......

2. Isobaric binary phase diagrams can be determined from D GM (Xi ) curves at

different T for each phase.

e.g: Si-Ge isomorphous phase diagram.
T>T,(S) : Liquid
TET, (Sl) or liquidus line: solid phase coexists with liquid phase

X$(T)  X!(T) can be determined.

810-2. Gibbs Free Energy Curve, G"(X.)

DGM=RT X, Ina,+Xglna,

DGMUY=RT X ,InX,+XgInXg

DGM=DGM'+RT X ,Ing,+Xglngg
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Figure 10.1 The molar Gibbs free energies of mixing in binary systems exhibiting ideal behavior (I),
positive deviation from ideal behavior (IT), and negative deviation from ideal behavior (III)
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When Xg=X; tangentinterceptat Xg=1lis DGg "
Bb=DG, " =RT Ina,(Il) < Ba=DG," =RTIna, ()
< Bc=DGg ' =RTInag (Il
ge (> g5 =1> g(Il)

X;,®0 a® 0 DG, =RTIng® -¥

810-3. pc"(x,) of aRegular Solution
Regular Solution, S*°*=0

DGM - DGM4=G*=DHM=RTa X, Xg=WX, Xg

For DH" 0 DGM ismore negative than DGM' 0
ahomogeneous solution is stable for all X

For DHY 0 a 0

DGM DGM,id DHM
RT RT

aX, Xg

M,id M, id
ideal solution DCIiT = DSR =X InX , +XgInXg
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Figure 10.2 The effect of the magnitude of o on the integral molar heats and integral molar Gibbs
free energies of formation of a binary regular solution

DGM,id
RT

Figure 10.2 l: a=0

M

When a - P part of curve isconvex upward.

Whenal DGM(Xg) curveis  convex downward
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Figure 10.3 (4) The molar Gibbs free energies of mixing of binary components which form a complete

range of solutions. (4) The molar Gibbs free energies of mixing of binary components in a system which
exhibits a miscibility gap

Figure 10.3 a any specific X5, DGM (X°B)—d.

if it is mixed by any other two different compositions
(a+b)® c

DG"(c) DG (d)
I.e.  no phase separation.

When part of DG™(X) curveis  convex upward

. m Xg (¢

DG is minimized when two solutions m, q coexist
ed. g®m ¢
ii. m, garethecommontangentof DGM curve,

G, (solution m) =G, (solution @)
Gg(

I
% solution m) = G (solution @)

B



subtracting G, and Gg

\:, ax(m)=a(q)
Tag(m)=2az(q)

i.e. solutions m, q are in equilibrium, they coexist.

then

a- P clustering causes phase separation
curve AmgB represents the equilibrium state of the system, curve mnopq has
no physical significance.

810-4. Criteria For Phase Stability in Regular Solutions

GivenT, acritical a occurs,

la <a,, homogeneous solution is stable.
| .
ta>a,, phase separation occurs.
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Figure 10.4 The effect of the magnitude of « on the first. second. and third derivatives of the integral
Gibbs free energy of mixing with respect to composition
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Figure 10.4

DGM=RT(X 5 InX, +XgINnXg)+RTaX , Xg

M
1oe :RT[InX—B+a(XA-XB)]
Xg XA
2 M
DG
T - =RT(+ - 2a)
Xg Xa Xg
°DGM ~( 1 1 )
)e® X2 X2
3 M
DG
From I =0, X,=Xg=05
B
2 M
Then from —=0, a=|a,=2
B
W=RT a
For agiven positiveWw (W>0), T, =W W
ay,R 2R

Given fixed W>0

IT>T,, a<2, homogeneous solution.

When i .
iT<T,, a>2, phase separation occurs.

DGM=RT(X,InX, +XgInXz)+RTaX Xz

D @)
RT a =W=constant

1 term(2) is indep. of T
%term(l):T_D term(1) is less negdive

TET, b eventualy,at Xz =05 DG ispositive

DGM(X,) is convex upward.

Miscibility curve bounding two-phase region in phase diagram is the locus of
common tangent compositions .



2000 L T T T
400 K
©-16,630J
500 K
1000 ey} .
700 K
agMy  ©
800 K (a}
LT
-1000 - 200K 4
Ry
1000 K
¥ \\M 1
o | 02 0.4 0.6 08 1.0
4 ‘ | X8 B
| |
1100 ¥ [ E
1000 4
s00 - / —— phase 1|

phase
800 -
T.K \f (b)
700 |- -
phase | + phase Il

600 |-
500
400
02 0.4 06 o8 1.0
A
Xg B

an

(©)

o 02 0.4 06 o8 1.0

Xg 8

Figure 10.5 (a@) The effect of temperature on the molar Gibbs free energy of mixing in a binary regular
solution for which £ = 16,630 joules. (#) The loci of the double tangent points in Fig. 10.6a, which
generate the phase diagram for the system. (¢) The activities of component B derived from Fig. 10.6a

Figure105 (a),(b) for W=16630J, T, =1000K

A (Xg) at different T : Figure 10.5 (c)

(1) aT=T,, Xg=0.5 inflexionoccurs (i).

i.e

2
&:Oand "8, =0
™ Xg°

(20 T<T,, az(Xg) hasamaximum, and minimum point.
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Figure 10.6 The activity of B at 800 K derived from Fig. 10.6a

. . a ’DGY
e.g. Figure10.6 points b, ¢ where ﬂ—B:O ad £ =
X Xg

P spinodal compositions.

flag

B

c
ag (Xg) curve betweenbc, ( )<0,

T2,
X,

this violates the stability criterion : X5 - , ( )-

G
P curve bc has no physical significance.

b horizontal ad is actual constant activity in the two-phase region.

Points a, d are the common tangent of the DG (X ) curve.

810-5. Standard States and Two-Phase Equilibrium

1. Standard states. pure component in its stable state at specific T, P.
Standard state changes with T.
Choice of standard state is based on convenience.

2. Consider phase diagramin Figure10.7and T,a) <T <T@,

Choose standard states: G{,,=0, G =



2\(5) oA(l) = %(A): (DHom(A) - TDS(r)n(A))
. .DCp
DH:DHO"'(II:PCIT , DS:DS)"'OT—dT

?at T =T DGy =0\ DHa =T,.DS)a)
§if Cpas) =Cpagy, DHma)» DSy(a) are indep. of T.

éTm(A) = Tl:l
DGra)=DHpa) 61
e 'ma) @

pointc, G ismore postive, when T- (T>Ta))

_ 1 i
line cb is Gibbs free energy of unmixed |'SO"_d A
7 solid B
DG= X, DGy
.. ) o _ o _ o 0 éTm(A) _ Tl;j
similarly, Ggyy Gg(g=DGpe=DHmney TDShyg € DHp g @?—T H
m(A)

line ab, DG=Xg DG g,

'E,'curve ad is the liuid - solution , DG

'A:'curve C(f;b is solid solution , DG4,

Assume : Ideal solution for solid and liquid solutions.
FDG() =RT(XaINX  +XgINXg) +XgDGhg......(1)
1DGM = RT(XAINX, +XgINXg)- X \DGon,

Common tangent positions e, f are the compositions of liquid and solid solutions
in equilibrium.

When T~ ,ca” and bd -, positions of common tangent shift to left.
Xany(M) =2, Xpg(T)=7?

For equilibrium between solid and liquid



I[ DGX(S) = DGX'(I) ...... (3)
:f DG gl(s) = DG’|\3/I(|) ...... (4)

— ﬂDGM
M =DGM ()
DGAU)‘DGA(I)*XB(I)m
DG,
From (1) o =RT(InX gy InXgyy) DGhyg
A(l)

.. —v M ﬂDGM
Similarly, DG s =DG(g*+X gigy o
A(9)

From (2):  DG)g=RT InX g oAy - (6)
From (3),(5),(6), RT InX 5y =RT InX 5 g, %(A)
From (1),(2),(4), RT InX g = RT InX g, + DGy

! DG,
FX a0 = Xae xexp(- —Ay .(7)

| RT
(0]
! - m(e)
§X80) = X P ——)
— DGy
or(l Xag)=( Xaglexp( “RT ) T (8)
From (7),(8)
i DGO
! 1- exp(- —R“_I“_(B))
b X = = —;
i exp(- m(A)) - exp(- m(B))
1|' RT RT
- DGO o
! m(8) m(A)
. 1- exp(- —— M) Y] xexp( -
X ag) :[ P et T )
i - DG?n(A))_ o DG‘r’n(B))
f RT RT

If Cpin)=Coricy
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Given Tm(A)' Tm(A)’ DH?n(A)’ DH%(B) and

assuming ideal solution model for both liquid and solid solutiors.
The solidus and liquidus lines in isomorphous phase diagram can be calcul ated.
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Figure 10.8 (a) The calculated phase diagram for
the system Ge-Si assuming Raoultian behavior of
the solid and liquid solutions. (») The variations,
with temperature, of the partial pressures of Ge
and Si (and their sum) with composition along
1T K104, Kk the liquidus line

Example: GeSi  Figure 10.8

Positions of points of double tangency are not influenced by choice of standard

states; they are determined only by T, DGy, T(B) -
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Figure 10.9  The Gibbs free energy of mixing curves for a binary system A-B which forms ideal solid
solutions and ideal liquid solutions, at a temperature which is higher than 7, and lower than T\,
(@) Liquid 4 and solid B chosen as standard states located at AG* = 0. (b) Liquid A and liquid B
chosen as standard states located at AGY = 0. () Solid A and solid B chosen as standard states located
at AG = 0. The positions of the points of double-tangency are not influenced by the choice of stan-
dard state.

See. Eq.(2),(2) and Figure 10.9

Values of activity, &, , will depend on the choice of standard state of i and T.
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See. Figure 10.7 (a)(b)(c):
Consider @g:Tya) <T <Tye)
If pure B(s) is chosen as standard state,

g =l a Xg=1. iegn=1

point mis Ag| )of pure liquid B
a =—x<1
B(I) an

?C_;B =Ggs) * RTIN(A5 wWrt. Bg)
§Gg =Gg() +RT In(8g wrt. By,)

But Gg should be independent of choice of standard state.

dg wirt B( )
GBgy G =DGhye =RT In[ - ]
dg wrt. B,
wrt. B
ag wrt. B(l)
writ. B
aB (s) >1
dg wrt. By,
e Qg g >ag,
————>=&X (—T)
ag wrt. By, R
. id i DG?° a - T
Similarly, a writ. -SO|I-d I. —exp( m(l)) —exp eDHmo)g m@i) ~ T
a, wirt. liquid i RT a m()

InFigure10.7(c) , agz(Xg)



1 line jihg is based on B(s) as standard state

1I|ne Jklm is based on B(l) as standard dtate
mo

these two lines vary in a constant ratio of exp(ﬂ)

Similar discussions can be applied toa , , Figure 10.7(d)

When T, since T< T,

[—aB(S)]- ,i.e. geg_ng_ org =
em g o g

WhenT- , DGy ;& T=Tpg, DGhyp =0, Ay =8y,

Point g and point m coincide.

810-6. Binary Phase Diagrams with Liquid and Solid

Exhibiting Regular Solution.

nnnnn

solid solutions.

4000

a

Fgure 10'10 The Gibbs fre

for a bir system which fo:
whi I !Z = —20.000 J




1.Trya) =800K , Tps =1200K  Figure 10.10

1 DGpay =8000- 10T W =-20KJ (Re gular)
2 DG g =12000- 10T W, =0 (ided)

(D) Ty <T=1000K <T, g
Standard states : G =0, Gp =0

?DGlM = Xg XDGhe + RT(XA INX, +XgINXg) +W X, Xg
fDGg =- X XDGpa) +RT(X, INX 4 +XgINXg)+WeX 4 X g

(2) T=Ta)=800K , Figure 10.10(b)
(3) 480K <T=600K< T, 5y =800K , Figure 10.10(c)
m(A)
Standard states : G, G

1DG" = XgDGgg) + X aDGha) +RT(X 4 INX, +XgINXg) +W X X
|
iDGY =RT(X 4 InX, +XgInX53)

(4) T=480K , DGY¥ =DG) a Xz=0.41
(5) T<480K , DGY <DG}

- _ —

W =-20KJ (Regular)
TV, = +10KJ (Re gular)



acM

Figure 10.11 The Gibbs [tee energy of mixing curves at various temperatures, and the phase diagram
for a binary system which forms regular solid solutions in which £, = 10,000 J and regular liquid
solutions in which Q, = —2000 J

Figure 10.11

For solid solution: T, ,=—=————— = 601(K)
But DGY =DGM , at T=661K , Xz =0.35
When W, and W -

T, - and point (DG =DG}" )™
Eventually, these two points merge, then eutectic system occurs.

W =
3. Same conditions, but | 1 = T20KJ (Regular)
i W5 = +30KJ (Regular)
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Figure 10.12 The Gibbs free energy of mixing curves at various temperatures, and the phase diagram
for a binary system which forms regular solid solutions in which 0, = 30.000 J and regular liquid
solutions in which £2, = 20,000 1

Figure 10.12

Critical temperatures for solid and liquid solutions.
W
Ter(y :$ =1203K

W,
T = 2—5 =1804K > T,

| Monotectic :1, ® |, +a’

, _ ; are shown.
7 Eutectic : 1 ® a +a
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Figure 10.13 Topological changes in the phase diagram for a system A~ B with regular solid and liquid
solutions, brought about by systematic changes in the values of 1, and (2, The melting temperatures
of 4 and B are. respectively, 800 and 1200 K, and the molar entropies of melting of both components
are 10 K (From A. D. Pelton and W, T. Thompson. Prog. Sofid State Chem. (1975), vol. 10, part 3,
p. 119)

4. Figure10.13 Different W, , Wy

@® (d), W - P Tyedic- » (€) liquid is unstableP monotectic.

§7. Eutectic Phase Diagrams and Monotectic Phase

Diagram

1. Complete solid solubility of components A, B:

1(1)Same crysta structure
J|,'(2)Comparable aomic gze
£(3)Similar dlectroneg ativity
$(4)Smilar vaence

if any one condition is not metb miscibility gap.



2. A-B system with two terminal solid solutions. (a,b)
e.g. eutectic phase diagram. Figure 10.14

B A B

W

Fig. 10.11 Fig. 10.12

Flgflle 10.14 The effect of temperature on the molar Gibbs free energies of mixing and the
acuvities of the components of the system 4-8

3. Solid solubility in a, b phases are extremely small.

When solid solubility™ P DGY is compressed toward X, =1

i.e. it coincides with vertical axis.

AGM

Decreasing solid solubility of 8in a

L

xg —> A Xg —> A Xg —> A Xg —>

Figure 10.15 The effect of decreasing solid solubility on the molar Gibbs free energy of mixing curve

1 Complete misghllit y in liqud state
|

Figure 10.15 ST _
1 Complete immisaibil ity in solid state
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Figure 10.16 The molar Gibbs free energy of mixing and the activities in a binary eutectic system that
exhibits complete liquid miscibility and vitual complete solid immiscibility

Figure10.16 Liquidus curves can be calculated assuming that liquid solution
isan ideal solution.

a,wrt. Ag a X,=1 a,=1
Consider a T< T4y, (pureA 4 +liquid) coexist.
%@ =Gagy=Gx()*RT Ina, w.rt. A,
Gy - Gaw=DGmn)= RTIna,
assuming ideal liquid solution @,=X,,
may= RTINX,

[0}
m(A) )

e Xaqy=exp(- =T

If DGy =T (T)isknown b X,y =g (T) can be obtained.

eg. Bi-Cd phase diagram Figure 10.17



Xcd

Figure 10.17  The phase diagram for the system Bi-Cd. The full lines are the measured liquidus lines,
and the broken lines are calculated assuming no solid solution and ideal mixing in the liquid solutions

] Ty =544 K

I

+DHZ .. =10900 (J
(3.1) Bi% m(Bi) ( ), _3
i Cpgis =188+226" 10°°T J/K)

%CP,BM) =20+6.15 103T +21.1" 10°T" 2 (J/K)
At T=T 5)=544K, DG,y =0=DH 5y Ty XDSh i)

DH® ¢
mE) =20.0 (IK)

DS(r)n(Bi) =
m(Bi)

DG ey (T) = ? T Toei

DCpgi =Corpgiy Craig=12 1645 107°T+21.1" 10°T 2

J T DCpp;
DG ey =DHmaiysaa* @, PCrei AT T(DSeiysaat Q, 'F’BI dr)

=16560 23.79T 1.2T InT+8.225" 10°°T? 10.55x10°T?

ideal solution :  RT InX gy = DGy

1.269" 10°

- 1992
= +2.861+0.144InT- 9.892" 10 4T+ —— ..., (1)
T

Xgiqy(T) isline(i) in Fig. 10.17



1T =59 K
(3.2 Cd.i. DHOm(Cd) =6400 J, DS(r)n(Cd) =10.77 J/K
| :I:CRCd(S) =222+12.3 10°T (J/K)

1Cpcay =29.7 (J/K)

J J DCpca
DG cay =PH ey * Q DCpcqdT  T(DShycq) + Q. T( ) dT)

1* assume ided liquid solution
DGy = RTINXgyy i A liud <
7 *neglect solid solub ility

InXm(l):ﬁ 4.489+0.90 InT  7.397° 10T ......(2)

i*(D) Xy, =F(T
(33)  Eutectic temperature: { (1) Xy =F(T)

1(2) 1- Xg) =9(T)
1 f(T)=g(T) P T=T,=406K
Actua : T,=419K (T, =406K)_,
Caculation is based on “ideal” solution.

i from (1): DGy gi) = 2482)

At T=419K , | .
ffrom (2): DG gy =1898J

i DGOm(Bi) =RTIn Qg
1
t DG ey =RTIn @,

18y =0.49 _ L

i , Actual eutectic compositionis X4 =0.55, Xg =0.45
18y =038

i ag

i 9 :X—B': 1.09

i Ny 1.0

ey =—=-=105

1 cd

positive deviation from idedity ! b T, > Te(cal.)

4. When positive deviation from ideal liquid solution increase, G*° >0, G*° -
P W>W,, (1) Liquidus curve is not a monotonic. Max. and min. of curve
forms.



(2) Liquid miscibility gap forms.
P as conditions (1),(2) merge, monotectic system appears.
Assuming liquid solution is regular.

m@a) =RT In@,=RT InX , +RT Ing,

Ing, W

regular solution: a =————=—=——
> @-X,)° RT

A RTINX 4 +RTa (1- X,)?
oA =RT INX 4 +W (L- X,)?
ed.  Tpya)=2000K, DHY, ., =10KJ
%4y =10000+5T=RT InX , +W (1- X,)?

Liquidus curve X, fordifferent W is shown in Figure 10.18

09

Figure 10.18  Calculated liquidus lines assuming regular solution behavior in the liquid solutions and
no solid solubility

W>W,, =25.3KJ
max. and min. appearsb part of curve has no physical meaning.

i T =1413K

At W:Wcr l X =05
| A~ Y

dT d’T
( )=0, —=0




Proof :

a, Wrt. Ag DGlya) , DHoa)  Tnay - T
a, wrt A _exp[?]—exp[ RT ( T )
A Jd.L ") m(A)

pure A isstandard state. a,=lwrt Ag

=expl RT
an) RT m(a)

Ina, =
RT  RT,n
dInaA:DH"m(A) dina _da, :DHf’n(A) oT
dT RT2 ' A a, RT?
ar _  RT? _da,
dX A DH. A >, dX,
d*T » 2RT  _da, dT ( RT 2 ydaA) 1
dX3 "DHoa @s OXa dX, TDHE,, dXaT aj
RT 2 d?a,
+ o] 2
da 2
W=W, T=T,, 22 _gong I % _
2
LI ) S
dX A dX 3

When W=30KJ, for regular liquid solution

- W _ 30000 _;q0k Figure 10.19.

“ 2R 831 2
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Figure 10.19 The monotectic equilibrium in a binary system in which the

regular solution behavior with € = 30,000 J

Ex: Cs-Rb phase diagram, Figure 10.20

liquid solutions exhibit

50

40

w
o

k 29.0°C

liquid solutions

438.9°C

temperature,”C
n
o

9.7°C
047
solid solutions
| | 1 1 ]

0
0

Cs
Figure 10.20 The phase diagram for the system Cs-Rb

| Tmies) = 284°C ? DGYcs = 2100- 6.95T (J)
£ DGy = 2200- 7.05T (J)

F Ty = 39.5°C
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Compare with theory assuming: :'"C”d solution : idedl

1 solid solution : regular ,\Wg = ?

Sol: From phase diagram : liquidus and solidus curves touch each other
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Standard states : Gy =0, Gy =0

;lDG?fl) = RT(XRb lanb +XCS In XCS) +xRb x[x;?n(Rb) +XCS @G?n(cs)
fDG(“g) =RT (X gy IN X gy + X s INXg) + WX go X s

1T=97°C=2827K

a
1 X = 0.47,X o = 0.53

DG{)=DG{g,  W,=668(J)

c.p. When T=20°C=293K

common tangents to DGy and DG

| X poe) = 010 I X ogy = 0.75
| |

Very good fitting!! Figure 10.21



